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MINUS PARTIAL ORDER AND LINEAR PRESERVERS 


M. BURGOS, A. C. MARQUEZ-GARCIA, AND A. MORALES-CAMPOY 


Abstract. In this paper we investigate the properties of minus partial order in unital rings. We generalize several 
results well known for matrices and bounded linear operators on Banach spaces. We also study linear maps preserv¬ 
ing the minus partial order in unital semisimple Banach algebras with essential socle. 


1. Introduction 

Let A be a ring. Recall that an element a e A is regular if there is be A such that aba = a. We write A^ for the 
set of regular elements in A. 

For a regular element ae A, the set 

Glia) = {x e A\ axa- a} 

consists of all {!}-inverses or inner inverses of a. Notice thatif x is a {l}-inverse of a, then ax and xa are idempo- 
tents. A {\,2}-inverse or generalized inverse of a, is a {l}-inverse of a that is a solution of the equation xax = x, 
that is, it is an element b e A such that aba = a and bab = b. Let us denote by G 2 (a) the set of generalized 
inverses of a regular element ae A. 

Note that the condition x e Gi (a) ensures the existence of a generalized inverse of a: in such case, b = xax 
fulfills the previous identities. 

Let A be a Banach algebra. For an element a in A, let us consider the left and right multiplication operators 
La'.x^ax and Ra'-X^ xa, respectively. If a is regular, then so are La and Ra, and thus their ranges aA = LaiA) 
and Aa = RaiA) are both closed. 

Even though regularity can be defined in general Banach algebras, this notion has been mostly studied in 
C*-algebras. Harte and Mbekhta proved in (T3| that an element a in a unital C*-algebra A is regular if and only 
if aA is closed. Given a and h in a C*-algebra A, we shall say that h is a Moore-Penrose inverse of a if h is a 
generalized inverse of a and ab and ba are selfadjoint. It is known that every regular element a in A has a 
unique Moore-Penrose inverse that will be denoted by a^ (E]). 

Since the 80’s, many authors have focused on the study of some partial orders defined in abstract structures, 
such as semigroups, rings of matrices and, more specifically, algebras (see (Tl], [14], |2T], (23l ). 

Let Mfi (C) be the algebra of all n x n complex matrices. The star partial order on M„ (C) was introduced by 
Drazin in [TT] , as follows: 

A<^:B if and only if A* A = A*B and AA* = BA*, 

where as usual A* denotes the conjugate transpose of A. It was proved that A < * B if and only if A^ A = A^B and 
AA^ = BA^. 

Hartwig [H] introduced the rank substractivity order on M„(C): 

A<~ B if and only if rank(B - A) = rank(B) - rank(A). 

He proved that 

A<~ B if and only if A“ A = A“B and AA“ = BA“, 

where A~ denotes a {l}-inverse of A. This partial order is usually named the minus partial order. 
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Later, Mitra introduced in |22] the space pre-order on M„ (C); 

M<sN if and only if c'g’(iV) and 

where '^{M) denotes the column space of the matrix M. 

In |26l , Rakic and Djordjevic extend the definition of space pre-order to the class of hounded linear operators 
on Banach spaces, and generalize some well known properties of this partial order to the new setting. 

Let H he an infinite-dimensional complex Hilbert space, andBiH] the C* -algebra af all bounded linear op¬ 
erators on H. Having into account that an operator in B{H) is regular if and only if it has closed range, Semrl 
f(28ll extended the minus partial order from M„(C) to B{H), finding and appropriate equivalent definition of 
the minus partial order on M„(C) which does not involve {l}-inverses: for A,B e B{H), A<Bii and only if there 
exists idempotent operators P, Q e B{H) such that 

R{P)=R{A), N{A) = N{Q), PA = PB, AQ = BQ. 

Semrl proved that the relation < is a partial order in B [H] extending the minus partial order of matrices. Finally, 
Djordjevic, Rakic and Marovt (HOl) generalized Semrl’s definition to the environment of Rickart rings (see Def¬ 
inition [LlJ and generalized some well known results. Recall that a ring A is a Rickart ring if the left and right 
annihilator of any element are generated by idempotent elements. 

Several order relations received similar treatment (see [El, EOl and the references therein). 

During the last three decades several results involving linear preservers of order relations have been pub¬ 
lished. In 1993, Ovchinnikov showed in EH that every bijective map (p defined on the setBiH)' of idempotents 
operators on a complex Hilbert space, satisfying that (piP) < (piQ) if and only if P < Q can be expressed either as 
(p[P) = APA~^ for every P e BiH)’, or as (p[P) = AP* A~^ for every P e B{H)', where A is a linear or conjugate- 
linear bijection on H. Later, many results concerning order preserving maps in matrix algebras appeared in 
the literature (the reader is referred to [El [TH ED)- In EB]> Semrl studied (non necessarily linear) bijective 
maps preserving the minus partial order. For an infinite-dimensional complex Hilbert space H, a mapping 
(p : B[P[) B[P[) preserves the minus order \i A<B implies that (p{A] < (p[B). The map (p : B[P[) — B[P[) pre¬ 

serves the minus order in both directions whenever A<Bii and only if (p(_A] < (p{B). He proved that a bijective 
map (p : B[H) BiH] preserving the minus order in both directions has the form (p[A) = TAS or (piA) = TA*S, 
for some invertible operators T and S (both linear in the first case and both conjugate linear in the second one). 
The star-type orders preservers have been studied in similar conditions (IHlllIl]). 

Let A be a unital ring. For every subset M of A, the right annihilator of M is denoted by 

annr(M) = {xe A: mx = 0 for all m e M}. 

Similarly, the left annihilator of M is given by 

ann;(M) = {xe A: xm = 0 for all m e M}. 

For an element a e A, it is used to write annr(a) = ann;-({fl}) and ann/(a) = ann/({fl}). The set of idempotent 
elements of A is denoted by A'. 

We will adopt the definition from (ini : 

Definition 1.1. We say thata<~ b if there exist p, q e A' such that anniia) = anniip), annria) - ann^iq), pa = 
pb and aq = bq. 

The paper is organized as follows. Section 2 is devoted to the study of the relation in unital rings. We 
prove some algebraic properties of this relation and show that defines a partial order on the set of all reg¬ 

ular elements of a semiprime ring (Corollary I2.4i . The space pre-order in general unital rings (Definition ESJ 
it is also considered. We characterize the maximal elements of the set of regular elements with respect to this 
relation in a unital prime ring (Proposition l2.13ll . We also determine the minimal elements of the set of regular 
elements with respect to this relation in a unital semisimple Banach algebra with essential socle (Proposition 
I2.19L This will be the key tool in order to obtain the main result in Section 3. When A and B are unital semisim¬ 
ple Banach algebras with essential socle, we prove in Theorem l3.2l that every bijective linear mapping <5 : A — B 
such that <1)(A^) = and a <~ b o <I>(a) <“ <I>(fi), for every a, fi e A^ is a Jordan isomorphism multiplied by 
an invertible element. The condition <1)(A^) = B^ can be removed either when B = B(X) for a complex Banach 
space X (Theorem 13.41 or B is a prime C*-algebra (Theorem 13.61 . We also consider briefly linear mappings 
preserving the minus partial order and the space pre-order in just one direction. 
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2. The minus partial order 

2.1. Algebraic properties. In the next proposition we collect some properties of the relation ” <“ ” in a unital 
ring that we will need in the sequel. 

Proposition 2.1. Let A be a unital ring. The following assertions hold: 

(1) IfaeA^, then a<~ b if and only if there exists a~ e Gi{a) such thata~a = a~b and aa~ = ba~. 

(2) If be and ae A satisfy that a<~ b, then ae A^ and G\ [b) a G\ [a). 

(3) If a, be A^, then a<~ b if and only if there exists b~ e Giib) such that a = ab~b = bb~a = ab~ a. 

(4) For every invertible element ue A, 

a<~ bo ua<~ ub 

and 

a<~ bo au<~ bu, 

for every a, be A. 

(5) Ifpe A’ and a<~ p then ae A’ and a - ap- pa. 

Proof. (1) Let a,b e A. If a <~ b and p, q are the idempotents appearing in Definition ll.il since (1 - p)p = 0, 
then [I- p)a = 0 and, consequently, a = pa. Similarly, a = aq. Note also that, if a e A is a regular element, then 
a<~ bif and only if there exists a~ e Giia) such that a~a = a~b and aa~ = ba~. Indeed, let fi e A such that 
a<~ b, and let p,q e A' as in Definition ll.il Take x e Gila). Since a = pa and a = aq it is clear that a~ := qxp 
is an inner inverse of a. Moreover aa~ = aqxp = bqxp = ba~. Analogously, it can he checked that a~ a - a~b. 
Notice that we can actually choose a'''G 2 ia] satisfying a*a = a*b and aa^ - ba^ hy putting a^ = a~aa~. 

Reciprocally, suppose that a e A'^ and b e A satisfy that aa~ - ba~ and a~a = a~b. Then p = aa~ and 
q = a~a are idempotents, ann/(fl) = ann;(p), ann^Ca) = annrCq'), a = pa = aa~a = aa~b = pb and a = aq = 
aa~a = ba~a - bq. This shows that a b. 

(2) Let be A'^ and ae A such that a <“ b. There exist p,q e A' verifying a = pa = pb and a = aq = bq. For 
an arbitrary b~ e Giib), multiplying the first identity by b~b on the right we obtain ab~b = pbb~b = pb = a. 
Multiplying now by q on the right it yields ab~bq = aq, that is, ab~a = a and, consequently, b~ e Giia). 

(3) By looking at the proof of (T71 Lemma 2 (a)], it can be seen that the same statement holds only assuming 
that the elements a and b are regular. In other words, the hypothesis of R being regular can be relaxed to a, b 
regular. Notice also that if a <~ b, then a = ab~b = bb~a = ab~a, for every b~ e Gi [b). 

(4) If a <~ b, there exist p,q e A' such that ann;(a) = ann;(p), ann^ifl) = annr(< 7 ), pa = pb and aq = bq. 
Let pu = upu~^. Then pu £ A', ann/Cwa) = anniipu), PuUa = PuUb, and uaq = ubq. This shows that a <~ 
b o ua<~ ub. Similarly, it can be proved that for any invertible element u e A, a <~ b o au <~ bu, for every 
a, be A. 

(5) We know from (2) that ae A'^ and Giip) c Gi(fl). From (3) a = ap = pa= apa. In particular a^ = apa = a. 

□ 

There are many characterizations of the minus partial order. In (211 it is proved that for complex matrices M 
and N of the same order, M <~ N if and only if Gi[N) Q G\{M). This result was latter extended to the setting 
of regular rings in (2). In the next proposition we show that the relation is equivalent to the inclusion of 
the set of {l}-inverses for regular elements on a unital semiprime ring. For a regular element aeA,we define 
Di[a) - {x- y: x,ye Gi[a)}. 

Lemma 2.2. Let A be a unital ring and a e A^. Then 

Diia) = {x e A: axa = 0}. 

Proof. Pick xeDi (a). Then x= a~ - a^ for some a~,a~ e Gi(a). Hence 

axa — ala a ia — a a — 0. 

For the reciprocal inclusion, suppose that axa = 0 and take a~ e Giia). As aia~ - x)a = aa~a - axa - a, it is 
clear that a~ ,a~ - xeG\ (a) and, consequently, x = a~ - {a~ - x) eDi [a], as desired. □ 

Proposition 2.3. Let A be a unital semiprime ring and a,be A^. The following assertions are equivalent: 

(1) a<~ b. 
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(2) Glib) ^ Glia), 

(3) Giib] n Gi ia) ^ 0 andDiib) a Diia). 


Proof. Let a,be A^. We know from Proposition l2.1l that Giib) a Gi(a) whenever a <~ b, and hence (1) => (2). 

It is clear that (2)^ (3). 

Finally suppose that (3) holds and let b~ e Gi(b) n Gi(a). Since a and b are regular, in order to prove that 
a <~ b, it is enough to show that a - ab~b = bb~a. Taking into account that h(l - b~b)Ab = {0} for every 
b~ e Glib) and that Diib) c Diia), we conclude bvLemma l2.2l that ail - b~b)Aa = {0}. Therefore, 

ail - b~b)Aail - b~b) = {0}, 

which, being A a semiprime algebra, gives a = ab~b. Similar arguments can be applied to get a = bb~a. 

□ 

In (Tol Theorem 3.3] the authors showed that the relation is a partial order on a Rickart ring. Also, 
from |26] Theorem 3.3], is a partial order on the class of relatively regular operators on Banach spaces. As 
consequence of the above proposition we generalize this result to the setting of unital semiprime rings. 

Corollary 2.4. Let A be a unital semiprime ring. The relation <~ is a partial order on . 

Proof. Reflexivity and transitivity of the relation follow directly from Proposition l2.3l In order to prove the 

anti-symmetry, take a,be A'' with a<~ b and b <~ a. There exists a~ e Gi ia) and b~ e Gi ib) such that 

aa — ba , a a — a b, 

bb~ = ab~, b~b = b~a. 

Since Gi ia) = Gi ib), it follows that b~ e Gi ia). That is 

a = ab~a - ab~b = bb~b - b. 


□ 


Definition 2.5. Let A be a ring. We say that a<sb ifaA a bA and Aa c Ab. 

This definition is analogous to the definition of the space pre-order on complex matrices introduced by Mitra 
in |22]. Recall that M <s Nif^iM) Q ‘^(Al) and(AT*) S where denotes the column space of the 

matrix M and M* denotes the conjugate transpose of M. Notice that the condition can be 

replaced hyJViN) Q JTiM), where JViN) is the null space of the matrix N. 

In (261 , Rakic and Djordjevic extend the definition of space pre-order to the class of bounded linear operators 
on Banach spaces, and generalize some well known properties of this partial order to the new setting. 

Observe that, whenever A is unital, a <sb if and only if there exist x, y e A such that a = bx = yb. It is easy to 
see that this relation is a partial order in every unital ring and that a<sb whenever a<~ b. 

The following results are partially motivated by Theorem 2.5 and Theorem 3.7 in (2^ . 

Proposition 2.6. Let A be a unital semiprime ring, ae A and be A'^. The following conditions are equivalent: 

(1) a<sb, 

(2) anniib) a anniia) andannyib) c ann^ia), 

(3) a = bb~ a = ab~ b for every b~ e Glib), 

(4) aDiib)a = {0}. 

Proof. It is clear that (1)^ (2). In order to prove (3), observe that bil -b~b) = 0 for all b~ e Gi ib) and hence, 
by assumption, ail - b~b) = 0 for every b~ £ Gi(fi). That is, a = ab~b, for all b~ £ Giib). Similarly, it can be 
proved that a = bb~a for every b~ £ Gi ib). 

Now suppose that (3) holds and pick xeDi ib). Then, x = b~ -b^ for some b~,b^ e Gi ib). By hypothesis we 
have ab~a = ab~bb~a = ab^ a and, consequently, axa = ab~ a - ab^a = 0. This proves that (4) holds. 

Finally, assume that aDiib)a = {0}. BvLemma l2.2l ail - b~b)xa = 0 for all x £ A. Hence, 

ail-b~b)xail-b~b) = 0 {x£A) 

and, being A semiprime, it yields a = ab~b. Similarly, we obtain a = bb~ a and therefore a <s b. 

□ 
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Corollary 2.7. Let A be a unital semiprime ring and a, b e A'^. Then a<sb ifandonlyifDi{b)cLDi{a). 

As a direct consequence of Proposition l2.ll r3). and (1)0(3) in Proposition l2.6l we obtain the following char¬ 
acterization of the minus partial order. 

Corollary 2.8. Let A be a unital semiprime ring and a,be A'^. The following are equivalent: 

(1) a<~ b 

(2) a<s b andGiia)r\Gi{b) 0. 


Definition 2.9. For a ring A and a,be A^,we define 

Gyia) := {a~ e Gi(fl): aa~ - ba~, a~ a = a~h}. 

The following results provide algebraic adaptations for Theorems 3.8, 3.9 and 3.10 in (26| . 

Proposition 2.10. Let A be a ring and a,be A^ satisfying a <~ b. Then 

Gf(a) = {b~ - b~[b-a)b~: b~ e Gi(h)}. 

Proof Since a <~ b, it follows from (T71 Lemma 2] that a - ab~b - bb~a = ab~a for every b~ e Giib). Accord¬ 
ingly, an easy computation shows that, for every b~ e Gi [b], [b - a)b~[b - a) = b- a. In particular, b - ae A'^ 
and by Proposition l2.31 b- a<~ b. 

Let a~ e Gj'(a) and (b- afy e G 2 ib- a) such that 

[b-a){b-afy = bib-afy and [b- afy[b- a) = [b- afyb. 


Then 


[b-a)a =0 = a [b-a) and [b-afy a = 0 = a[b-afy. 

Let b~ = a~ + {b- afy. From above it follows that b~ e Giib). Moreover, 

(2.1) b~ -b~[b- a)b~ = a~ + [b- afy - [a~ + [b- afy) [b-a) [a~ + ib- afy) = a~. 


Conversely, for every b e Giib) 


aib -b ib- a) b ) = ab -ab bb +ab ab = ab 

= ab~ - bib~-b~ ib-a)b~). 


Similarly, 


ib -b ib-a)b )a-b a = ib -b ib-a)b )b. 


Furthermore, 


aib -b ib-a)b ) a-ab a-iab b)b a + iab a)b a = a. 
Therefore, b~ -b~ib- a)b~ e G^ia), as desired. 


□ 


Proposition 2.11. Let Abe a ring and a, b e A^ such that a < b. The following assertions hold: 

(1) For every a~ e Gj (a), there exists b~ e Giib) satisfying b~ a - a~ a and ab~ - aa~, 

(2) For every b~ e Giib), there exists a~ e G^ia) satisfying b~ a = a~ a and ab~ - aa~. 

Proof In order to prove (1), pick a~ e G^ia). By Proposition l2.10l there is b~ e Gi ib) such that 

a~ = b~ - b~ib- a)b~. 


Hence, 


a a-ib -b ib-a)b )a = b a-b bb a + b ab a = b a. 


Similarly, aa~ - ab~. 

Now we prove (2). Let b~ £ Giib). Again by Proposition |2T0l we know that a~ = b~ - b~ ib - a)b~ e G^ia). As 
a <~ b, it follows 


aa -aib -b ib-a)b ) = ab -ab bb + ab ab = ab . 


The identity b a = a a can be obtained in the same way. 

□ 
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Proposition 2.12. Let Abe a unital complex algebra, a,be A'^ such that a< b and Ci, C 2 £ C with Czt^O and 
ci + C 2 5 ^ 0 . Then Cia +czb e A~^ if and only if be A~^ . Moreover, in such case 

{cia + C2b)~^ = cf^h~^ + ({ci + C2)~^ - cf^)h~^ab~^. 

Proof Suppose that b e A~^. As a <~ b, by the previous proposition, we have Gj (a) = {b~^ab~^}. In particular, 
this implies that ab~^ab~^ = ab~^ and b~^ab~^a = b~^a. Now, by a direct computation 

{cia + C2h) {cf^b~^ + ((ci + czV^ - cf^) b~^ab~^) = 

- cicf^ab~^ + Cl [{ci + C 2 )”^ - cf^) ab~^ab~^ + 1 + 

C2 ((ci + C2)“^ - cf^] ab~^ = 

= 1 + [C 1 C 2 ^ + Cl (Ci + C2)“^ - C 1 C 2 ^ + C2 (Ci + C2)“^ - 1 ) ab~^ = 1. 

Similarly, 

(c 2 + ((ci + C 2 )“^ - cf^)b~^ab~^) [cia + C 2 b) = 1 . 

Conversely, if Cia + C 2 h £ A~^, as a = ab~b = bb~a for every b~ £ Gi [h), we get 

Cia + C2h = {ciab~ + C2)b - b[cib~a + 02). 

Hence, b is (left and right) invertible. 

□ 


2.2. Minimal and maximal elements in the minus partial order. Recall that, as we have proved in Corollary 
12.41 the relation " is a partial order on the set of regular elements of every unital semiprime ring. 

Our next goal is describing the ma xi mal and minimal elements of the minus partial order. 

For a unital prime ring A, let us denote by AJ^ and A“\ the set of all left and right invertible elements of A, 
respectively. 

Proposition 2.13. Let A be a unital prime ring. The following conditions are equivalent: 

(1) ae A^ and a is maximal with respect to the relation "<~ ", 

(2) aeAj^uA~^. 

Proof First, given ae A^ and a~ £ Gi (a), it is easy to see that 

a<~ a + {\- flfl“)x(l - a~ a), 

for every x £ A. If we suppose that a is maximal, we get (1 - flfl“)x{l - a~a) = 0, for every x £ A. As A is a prime 
algebra, it yields 1 = aa~ or 1 = a~a. 

Reciprocally, we may assume without loss of generality that a is left invertible in A. If a <“ b, there exists 
q e A' such that a = aq = bq. Since a e A~^ it is clear that q - \ and hence, a = b. This shows that a is maximal 
with respect to the relation 

□ 

Remark 2.14. Note that the condition ofprimality cannot be dropped in order to characterize maximal regular 
elements as left or right invertible elements. For instance, take A = B(X) © BIX) for an infinite dimensional 
Banach space X. This algebra is not prime but it is, in fact, semiprime. Take operators L,R e BiX) which are, 
respectively, left invertible and right invertible but none of them are invertible. The element L® R e A is clearly 
maximal with respect to<~ but it is neither left nor right invertible. 

Let A be a unital semisimple Banach algebra. For any element ae A denote by a{a) its spectrum and by r{a) 
its spectral radius. The socle of A, Soc(A), is the sum of all minimal left ideals of A, and coincides with the sum 
of all minimal right ideals of A. Recall that every minimal left ideal of A is of the form Ae for some minimal 
idempotent e, that is, e^ = e 5 ^ 0 with eAe = Ce. If A has no minimal one-sided ideals, we let Soc(A) = {0}. 

A non-zero element u e A is said of rank-one if u belongs to some minimal left ideal of A, that is, if u= ue 
for some minimal idempotent e of A. It is known that u has rank-one if and only if uau = Cu 5 ^ 0, and that this 
is equivalent to the condition u^O and |a(xM)| \ {0} < 1, for all x £ A (also equivalent to |c7(mx)| \ {0} < 1, for all 
X £ A). For every rank-one element u in A, there exists t(u) £ C, such that u^ = t{u) u. Moreover, t(m) = 0 or t(m) 


MINUS PARTIAL ORDER AND LINEAR PRESERVERS 


7 


is the only non-zero point of the spectrum of u. Thus, if t{u) 5 ^ 0, then t{u)~^u is a minimal idempotent and 
u = t{u)[t{u)~^u). Let us denote hy Fj (A) the set of rank-one elements of A. 

Every element of the socle is a finite sum of rank-one elements, that is to say that the socle coincides with 
the set of all finite rank elements (see for instance (5)). Moreover, it is well known that Soc{A) consists of regular 
elements. 

Recall that a non-zero ideal 7 of A is called essential if it has non-zero intersection with every non-zero ideal 
of A. For a semisimple Banach algebra A this is equivalent to the condition al = 0, for a e A, implies a = 0. 

Proposition 2.15. Let A be a unital semisimple Banach algebra with essential socle. Then, for every nonzero 
ae A, there exists ue Fi (A) such that u<~ a. Furthermore, ue Fi (A) if and only if for every v<~ uwe have u = v 
orv = 0. In other words, the elements in Fi (A) are precisely the nonzero minimal elements with respect to "<~ 

Proof Fix ae A \ {0}. Since A is semisimple and has essential socle, there exists w e Fi(A) such that aw jtQ. 
Given (aw]~ e Gi(aw], set v - w(aw]~. It is clear that av is a minimal idempotent and, in particular, u = avae 
Fi(A). We claim that u<~ a. Indeed, let p = av and q = va. These are idempotent elements in A, such that 

pu = avava=pa and uq = avava=aq. 

Moreover, since u = pa = aq it can he easily checked that anniip) = anniiu) and annyiq) = annriu). 

Now, let u e Fi(A) and Bv Proposition l2Al ve A^ and there exists v* eG2iv) such that v'^u= v*v 

and uv^ = vv"^. Hence v - vv* u = uv* v and, multiplying hy v* u on the right, we get 

V - [uv"^v)v^u = uv*u = t{uv^)u - u. 

□ 

Definition 2.16. Let A be a unital semisimple Banach algebra with nonzero socle. For every u e Fi(A) we define 

Lu'.= {ux: X e A} and Ru:= {xu: x e A}. 

Remark 2.17. These definitions are the algebraic analogue to the ones given in (28l Theorem 8 ]; for a rank one 
operator S = x<Si y* e B{H), we have Lx = Ls and Ry = Rs. Indeed, ifR e Lg, then R = ST for some T e B{H). 
Gonsequently, 

R = S[T{-)) =< Tb),y>x=<-,T*{y)>x = x^{T* (y))* 

and hence. Re Lx. 

Now let w* e B (77) * and R = x<s> w* e Lx. Take an arbitrary operator U such that U{y) = w and set T = U*. 
Then it can be proved that R = ST, that is. Re Ls. 

The equality Ry = Rs is proven similarly. 

Notice that, for every u e Fi(A), = uA and Ru = Au are the right minimal ideal and the left minimal 
ideal generated hy u, respectively It is also clear that, for every u e Fi(A), Lu and Ru are suhspaces of Soc(A) 
consisting of elements of rank at most one. Moreover, if 0 7 ^ i; £ Lu, then Lu = L^. Indeed, if v = ux for some 
X £ A, then 

viux)~u = ux{ux)~ u = t{ux{ux)~)u = u, 

which gives u e L^.i That is, w = va for some a £ A if and only if w = ub for some be A). Similarly, ifO^ve Ru, 
then Ru = Rv 

Lemma 2.18. The maximal linear subspaces o/Soc(A) consisting of elements with rank at most one are precisely 
Lu orRu where ueFfiA). 

Proof As we have just mentioned, for every ue F^ (A), Lu and Ru are linear suhspaces of Soc(A). 

Let u, V he non-zero elements such that u,v,u + v e F\ (A). For every x £ A, we have [u + v)x{u + v) = t{{u + 
v)x){u + v), and hy the additivity properties of the trace (see |25l Lemma 4.3]) we know that T((M-t v)x) = Tiux) + 
t{vx). Hence 

[u + v)x{u +v) = {t[ux) + t[vx]) [u + v), 

which implies 

uxv + vxu = t(mx) V + Tivx) u. 

Equivalently, 

[ux - t[ux)) V = [t[vx) - vx) u. 
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for every xe A. 

Assume that zq = [uxo - t(mxo)) v = (T(r'Xo) - vxq) u is nonzero for some Xq e A. Then we can write 

V = VZqZq = V[{UXq-T{UXq))v)~ {t[VXq) - VXq)U, 

for Zq e Gi (zq). This yields veRu and, consequently Ru = Rv 

Otherwise, we have uxv = t{ux)v for all x e A. Therefore, uu~v = t{uu~)v = v for any u~ e Gi(u). Thus, 
V e Lu, which finally gives Lu = L^. This shows that, for every linear suhspace M of Soc(A) with MaFi (A) u {0} 
and 0 7^ u G M, we have M c LuU Ru and hence, M a Lu ox M a Ru. 

□ 

Proposition 2.19. Let A be a unital semisimple Banach algebra with essential socle and a e A. The following 
conditions are equivalent: 

(1) a £ A~^, 

(2) ae A^ and for every u e Fi(A), there exist x cLu \ {0} and ye Ru \ {0} such thatx,y <~ a. 

Proof Let a £ A~^, u £ Fi(A) and u~ £ Gi[u). It is clear that x = uu~a e Lu \ {0}. Let us show that x <“ a. Set 
p = uu~ and q = a~^uu~a. Then p,qe A', 

px = uu~uu~a = uu~a - pa 

and 

xq - uu~aa~^uu~a - uu~a = aq. 

Besides, it can he easily checked that 

ann/(x) = ann/(p) and ann,(x) = amxriq). 

Thus, X <~ a. The existence of y £ f?;; \ {0} satisfying y <~ a is guaranteed in the same way This shows that 
( 1 )^( 2 ). 

Conversely, let a £ A satisfying (2). Given u £ Fi(A), there exists x £ A such that ux <~ a. As ux is regular, 
there exists [ux)~ £ Gi(ux) such that {ux]~iux) = [ux)~a and (_ux){ux]~ = a[ux)~. Multiplying the last identity 
by u on the right, it yields (.ux){ux]~u = a[ux)~u. As ue Fi(A), we have iux){ux)~u = j(_iux)[ux)~]u = u and, 
hence, u = a{ux)~u. Similarly, given y £ A such that yu <~ a, we get u = u[yu)~a. 

Suppose that za = 0. In such case za[ux)~u - zu = 0, for every u £ Fi(A). Since A is semisimple and has 
essential socle, it gives z = 0. We have proved that ann;(fl) = {0}. Similarly, it can be checked that ann^la) = {0}. 
Therefore, a is a regular element which is not a zero divisor, that is, a is invertible. 

□ 


3. Maps preserving the minus partial order 

Let A and B be Banach algebras. A linear map <1): A —► B is a Jordan homomorphism if <l>(a^) = for all 

ae A, equivalently (biaob) = <I>(a) o tb(_b), for every a,b e A, where o denotes the usual Jordan product aob = 
^{ab + ba) . If A and B are unital, <1) is called unital if Oil) = 1, where 1 is used for the identity element of 
both A and B. Clearly every homomorphism and every anti-homomorphism is a Jordan homomorphism. A 
well known result of Herstein, Qs], states that every surjective Jordan homomorphism T : A^ B is either an 
homomorphism or an anti-homomorphism whenever B is prime. 

It is also well known that if $ : A — B is a Jordan homomorphism, then $ is a Jordan triple homomorphism, 
that is, 

$({a, = {<5{a),0(fi),<5{c)}, for all a,b,ce A, 

where {a,b,c} = j{abc + cba) is the usual Jordan triple product in A. In particular, it is clear that every Jordan 
(triple) homomorphism, <5 : A ^ B, strongly preserves regularity, that is, if a~ £ Gi(a) then £ Gi(<5{a)). 
Obviously, if a~ £ G 2 ia) then 0(fl)“ £ G2(<5{a)) and hence O(A^) e 

Proposition 3.1. Let A,B be Banach algebras and O : A — B a Jordan triple homomorphism. Then, a <~ b 
implies<b{a) <~ (bib), for every a, be A''. 
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Proof. Let a,b e A^. By Proposition l2.ll (3), a<~ b if and only if there exists b~ e Gi [b) such that a = ab~a - 
ab~b - bb~a. We may assume that b~ e G 2 (h). Since O is a Jordan triple homomorphism, and a = ab~ a and 
2a = ab~b + bb~a, we have 

<5{a) = 0(fl)0(h)“0(fl) and ZOCa) = <5{a)<5{h)“<5{h) + <5{h)<5(h)“<5{a). 

Multiplying the last identity hy <5{h)“<5{a) on the right, and havind in mind that, as we have previously point 
out, e Gzi^ib)), we get 

2(b{a) = (l)(a)(5(h)“<5(h)<5{h)“<5{a) + <5(h)<5{h)“<5{a)<5{h)“<5{a) 

^ (b{a) + <b{b)(b{b)~<b{a). 

Consequently, <5(a) = <5{h)<5{h)“0(fl). Similarly, it can he obtained that <5{a) = <5{a)<5{h)“<5{h), which com¬ 
pletes the proof. □ 

Recall that every unital Jordan homomorphism between Banach algebras, <5 : Al — B preserves invertibility, 
that is, $(fl) e B~^ for every a e A~^. (In fact, it strongly preserves invertibility, that is, for 

every invertible element a e A.) In [6] , Bresar, Posner and Semrl, showed that every unital bijective invertibility 
preserving linear map, $ : A — B, between semisimple Banach algebras, is a Jordan isomorphism whenever A 
has essential socle. 

We present now the main result in this section. 

Theorem 3.2. Let A andB be unital semisimple Banach algebras with essential socle. Lettb: A—^ B be a bijective 
linear map. The following conditions are equivalents: 

(1) = B^, and a<~ b o <5(a) <“ (b{b), for every a, be A^. 

(2) O is a Jordan isomorphism multiplied by an invertible element. 

Proof. It is clear from Proposition l2.ll (4) and Proposition l3.1l that (2)^ (1). 

Suppose now that <5 {a 1^) = B^ (that is, a is regular if and only if 0(fl) is regular) and 

a <“ h o (PCa) <“ 0(h), for every a, h e . 

We will show that $(Fi (A)) = Fi (B). Let ueFi (A). Hence $(u) is a nonzero regular element, and by Proposi¬ 
tion [2A5] there exists $(!;) £ F\{B) such that OCi;) <“ $(u). From Proposition l2.ll (2). OCi;) £ B^ and Gi{$(u)) £ 
GilOCti)). By hypothesis, v <~ u. Since u e Fi(A) and v^b, again by Proposition l2. 151 v - u. ThatisOCr’) = <P{u), 
which shows that $(!;) £ Fi(B). Taking into account that satisfies the same conditions, we get OCFiCA)) = 
Fi(B). 

Now, since the sets Lu and Ru are the maximal linear subspaces of Soc{A) consisting of elements with rank 
at most one (see Lemma [2A8l l . we conclude that <1)(L„),<1)(B„) £ {L(i,{u),R<i>(u)) for every u e Fi(A). 

Let a £ A~^. We claim that <5(a) £ B“^. By hypothesis, <5(a) £ B^. Given 0(u) £ Fi(B), since a e A~^, we 
know by Proposition l2.19l that there exist xo^Lu\ {0} and yoeRu\ {0} such that xq. To «. If (L(i,(„)) = L„, 
take X = Xq. Otherwise, take x = yo- Then Oix) £ L(D(u) and <5(x) <“ <5(a). Similarly, we find 0(y) £ R,^i[u) with 
Oiy) <“ Ola). This shows that $(«) £ B~^. 

Let 'P : A — B be the linear mapping given by 'P(x) = <l)(l)“^$(x), for all x £ A. It is clear that 'P is unital, 
bijective and preserves invertibility. By (H Theorem 1.1] 'P is a Jordan isomorphism, which concludes the proof. 

□ 

Remark 3.3. Let X be a complex Banach space. Denote by B [X) the algebra of all bounded linear operators on 
X. This is a unital semisimple Banach algebra with essential socle. Notice that Soc(B(X)) = F(X) is the ideal of 
finite rank operators on X. 

Let T £ B{X). By looking at the proof of (2)^(1) in Proposition \2.1 91 it can be seen that, ifT satisfies that, for 
every rank one operator U eFi (X), there exist L £ F[/ \ {0} ^nd R e By \ {0} with L, R <~ T, then T is invertible. 

Let A be a unital semisimple Banach algebra with essential socle, and X be a complex Banach space. Let 
<P : A — BiX) be a surjective linear map such that 

a<~ b if and only if <P(a) <“ <P(h). 
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Notice that <I> is injective: if c&ix) = 0, then <I)(x) <“ which hy assumption, gives that x <~ 0, and finally 

X = 0. 

A direct application of Proposition |2J5] shows that <l>(Fi(A)) = Fi(B), and hy Lemma [2.181 e 

{L^iu), for every u e Fi{A). From this facts and Remark [331 it is clear now that <5 preserves invertihility. As 
in the previous theorem, it follows that the linear mapping given by'P (x) = <I)(l)“^<l)(x), is a Jordan isomorphism. 
By the Herstein’s theorem (|T3) 'P is either an isomorphism or an anti-isomorphism. On the other hand, it 
is straightforward to check that every isomorphism and every anti-isomorphism preserves the minus partial 
relation in both directions. In view of Proposition l2.ll (4), this is also the case for every isomorphism or anti¬ 
isomorphism multiplied by an invertible element. 

This proves the next result. 

Theorem 3.4. Let A be a unital semisimple Banach algebra with essential socle, and X be a complex Banach 
space. Let(b : A^ BiX) be a surjective linear map. The following are equivalent: 

(1) a<~ b if and only if(b{a) <~ (b[b), for every a, be A. 

(2) cp is either an isomorphism multiplied by an invertible element, or an anti-isomorphism multiplied by 
an invertible element. 

Let A be a unital prime C*-algebra with non zero socle. Then A is primitive and has essential socle. Let us 
assume that e is a minimal projection in A. Then the minimal left ideal Ae can be endowed wit inner product, 
(x,y}e = y*x, (for all x,ye Ae), under which Ae becomes a Hilbert space in the algebra norm. Let p: A^ BlAe) 
be the left regular representation on Ae, given by p (a) (x) = ax. The mapping p is an isometric irreducible 
* -representation, satisfying: 

(1) p(Soc(A)) = F(Ae), 

(2) piSociA)) = K[Ae), 

(3) aA(x) = aBiAe]ipM], for every xeA. 

(See m Section F.4].) Let a e A (non necessarily regular) such that, for every u e FiiA), there exist x e Lu\ {0} 
and yeRu\ {0} such that x, y <“ a. As we have proved in Proposition l2.191 given ue Fi [A), we can find w,ze A 
such that u = awu= uza, which in particular shows that a is not a zero divisor. We claim that p(a) is invertible, 
which, in this setting, shows that a is invertible. Indeed, since ann^ifl) = {0} it is clear that p{d) is injective. 
Moreover, given ze e Ae, by hypothesis, there exist w e A such that ze = awze = pia)iwze). This shows that 
p[a) is surjective, and hence p[a) is invertible. We have just proved the following: 

Proposition 3.5. Let A be a unital prime C*-algebra with nonzero socle and ae A. The following conditions are 
equivalent: 

(1) a e A~^, 

(2) For every ue Fi [A), there exist nonzero xe Lu and yER^ such that x,y<~ a. 

The proof of the next theorem follows the lines of Theorems l3.2l and l3.4l by using Propositions 13.5112. isl and 
(6l Theorem 1.1]. 

Theorem 3.6. Let A be a unital semisimple Banach algebra with essential socle, B a unital prime C*-algebra with 
nonzero socle and cF: A — 5 a surjective linear map. The following are equivalent: 

(1) a<~ b if and only if(b{a) <~ (bib), for every a, bE A, 

(2) cF is either an isomorphism multiplied by an invertible element, or an anti-isomorphism multiplied by 
an invertible element. 

We will like to shed some light on the study of mappings preserving the relation just in one direction. 
Recall that a C* -algebra A is of real rankzeroif the set of all real linear combinations of orthogonal projections 
is dense in the set of all hermitian elements of A (see (3]). Notice that every von Neumann algebra, and, in 
particular, the algebra of all bounded linear operators on a complex Hilbert space H is of real rank zero. 

Theorem 3.7. Let A be a real rank zero C* -algebra and B be unital Banach algebra. Let (b: A^ B be a bounded 
linear map satisfying that 

a<~ b implies <F(a)<~0(fi), foralla,bEA. 


The following assertions hold: 
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(1) £ B’ then(i> is a Jordan homomorphism, 

(2) If(h(_A] n 5 “^ and^il] e then < 1 > is a Jordan homomorphism multiplied by an invertible element. 

Proof. (1) Assume that $(1) e B'. For every p e A', as p <~ I it follows that <“ <5(1). Having in mind 
Proposition l2.1lt 5). we conclude that <I>(p) £ B' for all pe A'. 

This shows that <5 preserves idempotents. It is well known that in this case if p and q are mutually orthogonal 
projections then $(p) and <5{q') are mutually orthogonal idempotents in B, and hence $ is a Jordan homomor¬ 
phism (see, for instance, [El Lemma 3.1]). 

(2) Suppose that <1>(A) n B~^ and <5(1) £ As above, $(e) <“ <5(1) for every e e A’. In particular, <5(e) £ 
<5(1)B n il$(l) for every e £ A*. Since $(1) is regular, it is well known that <5(1)5 and 5$(1) are closed. Taking 
into account that every self-adjoint element in A can he approximated hy linear comhinations of mutually 
orthogonal projections, and that $ is linear and hounded, we conclude that <5 (x) £ <5(l)5n5<5(l) foreveryx£ A. 
Therefore, as $(A) n 5“\ we deduce that <5(1) is invertihle. Finally, let *5 : A — 5 he the linear mapping defined 
as 'F(x) = $(l)“^<5(x), for all x £ A. We conclude the proof hy proving that'T preserves idempotents: given 
e £ A*, since <5(e) <“ <5(1), there exists pe B' such that 0(e) = 0(l)p, that is 'P(e) = <5(l)“^<5(e) = pe 5*. □ 

We conclude this paper with two remarks. The first one shows that it is not always possible to characterize 
Jordan homomorphims in terms of minus partial order preserving conditions. The second one deals with linear 
maps preserving the space preorder (see Definition l2.5ll . 

Remark 3.8. Let Abe a Rickart ring. By [El Theorem 3.3], the relation ”<~ ” defines a partial order in A. Every 
linear mapping^ : C ^ A preserves the minus partial order. Notice that a<~ b in C if and only if a = 0 or a - b, 
and that, by reflexivity, <5(a) <“ <5(a) for every a £ C. 

Observe that the same conclusions hold when C is replaced by any Banach algebra A in which the only idem¬ 
potents are the trivial ones, namely, the identity and zero. For instance A = C([0,1]). 

Remark 3.9. Let A and B be unital semisimple Banach algebras. Let A^ B be a linear mapping such that 

a<sb implies <5(a)<x$(fi), for all a,beA. 

Notice thatb £ A~^ if and only if a <s bfor every aeA. Hence, ifO is surjective then <5 preserves invertibility. This 
shows thatrb is a Jordan homomorphism multiplied by an invertible element in the following settings: 

(1) If A has essential socle ([H Theorem 1.1] J 

(2) If A has real rank zero (|71 Theorem 3.1]J 
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